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Abstract: We explore two-dimensional triangular lattice photonic crystals
composed of air holes in a dielectric background which are subject to a
graded-index distribution along the direction transverse to the propagation.
The proper choice of the parameters such as the input beam width, gradient
coefficient, and the operating frequency alow the redizations of the
focusing (lens) and guiding (waveguide) effects upon which more complex
optical devices such as couplers can be designed. Numerical results
obtained by the finite-difference time-domain and planewave expansion
methods validate the application of Gaussian optics within a range of
parameters where close agreement between them are observed.
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1. Introduction

Periodic dielectric materials known as photonic crystals (PCs) have become indispensable
design components in many areas of technology [1-4]. Building novel and realistic
functionalities based upon PCs opens applications difficult to realize by other means. With
this motivation in mind, in the following we explore the concept of graded-index (GRIN) PCs.
It is known that in smoothly graded-index media, varying the refractive index around the
optical axis can focus or defocus the input beam. The profile of this variation leads to
particularly interesting properties when that profile is quadratic. Slowly varying the refractive
index in the direction transverse to the propagation has been exploited for coupling and mode
matching in fiber optics [5-7]. In PCs, the band-gap and the super-collimation effects are the
two main mechanisms employed to guide light. The first relies on perturbing the specific cells
in a PC, within a line or within a linear chain of tightly coupled cells. As a result, a PC
waveguide (PCW) or coupled-resonator optical-waveguide is obtained [8-11]; however, one
may not need a geometric perturbation for super-collimation, if the operating frequency is
outside of the band gap [12]. The equifrequency (EF) contours can be used to infer
information about the direction of light propagation inside the PC. The light propagation
direction is perpendicular to these contours due to the v =V, o(k), with vy the group

velocity. The contour shapes can be simple or complex depending on the type of PC,
polarization, and frequency. If the contour is flat, then self-collimation may take place [12].
This property has been reported earlier and device applications utilizing self-collimation have
been proposed [13, 14]. In our case, self-collimation is obtained at two different frequency
regimes, below and above the bandgap. Mainly, focusing and collimation effects are governed
by graded index medium (details are shown later) which is a new approach.

Recently, Centeno et al. studied graded photonic crystals [15, 16]. In their work index
variation (modulation) is obtained by linearly perturbing the lattice spacing (increasing) in the
y direction. One main difference between our work and theirs in addition to the way of
obtaining index variation (parabolic in our case) is the direction of the wave propagation and
index variation direction. They propagate the input Gaussian beam along the index variation
direction. They have half of the graded index medium obtained by linear index variation. The
index variation direction is transverse to the Gaussian beam propagation direction in our case.
Also, the index profile is symmetric with respect to the center of the PC which is not the case
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in previoudy published results. There are other efforts to engineer PC for focusing and
dispersion engineering goals [17-20].

Here, we propose a novel way to achieve focusing and self-guiding of light using two-
dimensional (2D) PCs with perforated holes in a high-index dielectric background by merging
the idea of graded-index waveguides and PCWSs. The demand for compact focusing and self-
collimated guiding is high. Usually lenses used for focusing are bulky and susceptible to
misalignment. For the self-collimated behavior, one may need to depend on the nonlinear
mechanism like Kerr nonlinearity to beat the diffraction. However, the idea presented in this
study to achieve the aforementioned light behaviors is free from the nonlinear effects and can
be implemented in an integrated manner. The index variation within the medium occupying
the holes is taken to be quadratic with respect to the central section of the PC, i.e., y-direction
(TM) and light propagates in x-direction (I'K) as shown in Fig. 1. Numerical analysis is
carried out by the 2D finite-difference time-domain method (FDTD) and the planewave
expansion technique (PWM), and they are verified within a range of validity of Gaussian
optics [21, 22]. It is important to note that as long as the index variation is small within one
wavelength, Gaussian optics is valid. Gaussian optics analysis is employed for two main
reasons. One is for convenience; there is a wealth of analytical expressions enabling a full
understanding of the beam behavior. Thefirst reason would be merely a curiosity were it not
for the second, namely, that Gaussian optics predicts stable, well-behaved beams in
quadratically graded media. That said, we show that similarly stable, well-behaved beams
exist in GRIN PCs. The effective index method is used to fit the results of GRIN PC (from
FDTD) to standard Gaussian optics. The GRIN PC, however, enables frequency regimes
where Gaussian optics may often not in practice be applicable. The advantages of photonic
crystals further include possibly more flexible geometrical manipulations (i.e., guiding in
various directions, coupling to other devices, etc.) by standard fabrication methods. In
addition, the concept will enable integration of various PC structures on a single substrate and
may further facilitate the coupling or integration of various types of guiding structures such as
conventional integrated optics, photonic-crystal waveguides, freespace optics, etc. This work
is an initialization step to integrate graded index photonic crystals in device applications. For
example, one can use focusing properties of GRIN PC to couple spatially wide input beams to
photonic crystal waveguides (mode matching). This aspect is out of the scope of the study and
target of the future investigation. One should again note that PCs provide GRIN medium
profiles by geometrical manipulations which could be difficult to achieve with any other
methods, e.g., ion implantation in fiber optics.

Other effective index variations are clearly possible; however, in many cases the leading
contribution to the index variation is naturally quadratic (e.g., by ion implantation) [23]. But a
leading motivation is that stable Gaussian beams exist in quadratic media, and at least to
lowest order, a Gaussian variation may be a good approximation to structures containing high-
order variations as well [24].

2. Design and analysis of graded index photonic crystals

There are many options to implement the graded-index variation within the PC, for example
by changing the radii of air holes. Another way is to modulate the refractive index of the
holes. The realization of such index variation on top of the crystalline structure of PC as
shown in Fig. 1(a) can be obtained either by varying radius (r) in each row [Fig. 1(b)] or
modulating hole refractive indices [Fig. 1(c)]. A schematic of the proposed structure is shown
in Fig. 2 along with the desired index variation across ay section. The index profile within the
holes is parabolic and has its maximum value at the center of the PC. It is assumed to be of the

form of n2(y)=n§h—a2(y—yo)zl, where « is the gradient coefficient and n, is the
refractive index at y=y,. For a case study n,and « vaues are taken as 3 and 0.09a”,
respectively. The underlying PC has dielectric background with e =12, and hole-diameter to
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the lattice-constant ratio is taken asO.4a. The polarization is assumed to be TE (magnetic
field is along the air holes), i.e., the electric field is in the periodic plane. Each unit cell is
divided into 30x30 discretization grid cells.

Gaussian beam propagation through lenslike media has been studied extensively [24, 25].
The analytical framework to study beam propagation through such a medium is Gaussian
optics. The details of the following formulation are provided for the completeness of the
study. There, one defines the complex beam parameter,

11 A
0 R me?(x)ny D

where R(x) is the wave-front curvature, (x)is the beam spot-size, and 4, is the free-space

wavelength [25]. The output beam parameter at x=d is related to the input beam parameter
by the ABCD law viathe following relation,

2He ol

wherer, is the ray position and r2' is the ray slope in the output plane and the corresponding
parameters in the input plane are represented by r; and rl' , respectively. The matrix is
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Fig. 1. GRIN PC structure: (a) 2D triangular lattice PCs with air holes in dielectric background
and the desired refractive index variation along the transverse direction. The two different ways
of the redlization of such an index variation either (b) by varying the radii of holes or (c) by
changing the refractive indices of holes.

From the above matrix, the oscillatory behavior of the output is obvious with periodicity
of 27/ o . The transformation law as stated in Eq. (2) for a Gaussian beam implies
_ codled g, +sin(ed)/ e 4
U _arsin(ed g, + cos(ed ) “)
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Based on an analysis of Egs. (3) and (4), there are three distinct possibilities depending on the
width of the input pulse: the field may diverge, converge, or maintain a constant beam width
(stays collimated) as we keep o constant. The oscillatory behavior for the first two cases
exhibits aperiod that isinversely proportiona to o .

A special circumstance occurs when the initial beam is a planewave, i.e., R(x=0) — oo .

Then, the input and output beam parameters are
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Fig. 2. GRIN PC structure: 2D triangular lattice photonic crystals with air holes in dielectric
background. The right and the left plots show the refractive index variation along the dotted
section.
MW
Qin=|T=|qi! )
_icos(ex)q; +sin(ex)/ar
out = (6)

—iasin(ex)q +cos(ox)

The condition to have a collimated beam is that R,; — - regardless of the x-coordinate
(propagation direction). In that case,

Re(qout) = R{M] =0. (7)

Cqg,+C

Then, after some algebra, the output beam width is

Y2
WO:[ A J . (8)

Mmoo

It can be seen that frequency and beam width are inversely proportional tow, .

To study the second special case, the imaginary part of Eq. (6) is equated with the
complex beam parameter of the output field with the assumption that the phase fronts are
planar at thefoci,
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N W
qout(x):| —, )
Z
where n, isthe index of the medium which is equal to n, for the conventional approaches but
it is different with PCs (the value of the n, is approximated to replace the PC with an effective
index). Then,

2 ' (10

whereq,, =i % =iq . Inserting this value into the above equation gives

NeWR
W. 0v'0

X \/ n{cosz(ax)Jrazsinz(m()mﬂO;Ng} ' (11)

From this equation, we conclude that the variation of the width of the propagating field
through the graded-index medium is controlled by the parametersw, , o , ny, n, and is

frequency dependent.
The general form of the field in GRIN media s the solution of the paraxial wave equation,
and it can be written as

H,(x, )= Ho%ex;{—i%(zx)j= Ho%ex{‘i%z{$_i#;)noﬂ

exnl —i My exnl — y2
=Hogs p[ (XJ {wzmj

whereH is a constant. It describes the amplitude variation of the magnetic field. The field

amplitude and its width are inversely proportional (power must be constant and is independent
of X). The above andysiswill provide insight as we move to study the GRIN PC.

As a first step, the GRIN PC shown in Fig. 2 is studied under different input beam
widthsw, . The source (modulated Gaussian pulse) is located in front of the GRIN PC

centered at the axis of the symmetry (y=1y,). We mean by the pulse throughout the
manuscript is the modulated Gaussian at some center frequency with Af / f; = 0.067, where
fy is the center frequency and Af is the full-width a half-maximum value. The center
frequency is varied to trace the frequency axisin the dispersion diagram. But the bandwidth of
the modulated Gaussian pulse is kept constant, only the spatial width (FWHM) aong y-
direction is changed to study the beam width effect on the light propagation through GRIN
PC. Three distinct behaviors are observed. For small and large values of w, the pulse diverges
and converges, respectively. However, for a specific intermediate value of w, , the field
exhibits constant output pulse width. Figures 3(a) and 3(b) show the steady-state field
variations of the self-collimated and focusing behavior of GRIN PC a frequencies
a/A=0.12 anda/A =0.24, respectively. To investigate the responsible mechanism behind
the self-collimation in Fig. 3(a), we plot EF contours in Fig. 4 for the lowest three bands at
two different cases (£, =1.0 ande, = 4.0, where g, isthe hole dielectric index value). It can

(12)
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be seen that the modification of holes refractive index induces local modification of EF curves
while keeping their shapes the same. By looking at the EF curve which is circular (dotted
circle) in Fig. 4 at a/A =0.12 case, we can attribute the self collimation effect not due to the

flat dispersion curve but due to the graded index modulation. Figure 4 will be referred again
later to explain other situations observed with GRIN PC.

The beam profile at different propagation distances are plotted in Fig. 5. It can be seen that
beam does not spread for the full-width at half-maximum (FWHM) of 2.90 um [Fig. 5(3)] if
Aistaken as 1.55 um. The beam profile for the focusing case is shown in Fig. 5(b) at the input
(solid line) and the focal point (dashed ling). The FWHM values are 4.22 um and 0.97 pm,
respectively. The spot-size converter ratio defined asw, :w, is 4.35:1. The profiles of the
focused beam as well as of the collimated beam closely resemble a Gaussian beam. To
explore the characteristics of the GRIN PC and implement it in the device applications (lens
and waveguide), we further explored the casesin Figs. 3(a) and 3(b) in Sections 3 and 4.

3. Lensdesign

The converging behavior of the GRIN PC under appropriate conditions enables one to design
a lens that focuses the input beam to a focal point [Figs. 3(b) and 5(b)]. There are two key
design parameters. wy and e« . For arange of w, values the GRIN PC brings the input field to

focus and the foca length is inversely proportional to oo . The focal plane predicted by
paraxial approximation obeys the formula
fo 1
C nasin(ed)’ (13)

Larger o value bringsthefield to afocusin ashorted distance with smaller spot-size.
The beam waist at the focal point w, can be adjusted by varyingw, and . The flexibility

to modify the beam waist and adjust the focal point is obviously a great advantage for
coupling light between different components of integrated optical systems. A large spot- size
ratio can be obtained, which will be of great utility for input and output coupling devices.

(=3

- @
IR

-5

{om)

. (b
= < IR

3 ()

Fig. 3. The steady-state magnetic field variation for the (a) self-collimated and (b) converging
cases for the input beam at frequenciesa/4 = 0.12 and a/4 = 0.24 , respectively.
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n=3

Fig. 4. Equi-frequency curves of the three lowest bands. The refractive indices of air holes are
varied (€5 =1.0 and g, =4.0) keeping the background refractive indices the same. The dotted

circles and hexagonal shapes highlight the frequency curves of a/A =0.12 and 0.16 for the first

band and a/A = 0.24 for the second band.
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Fig. 5. The beam profiles across the y section for the (a) self-collimation at three different
distances and (b) focusing cases (solid lineis for the input beam and dotted line is at the focal

plane).

4. Waveguide design

The other specia circumstance happens if the beam width neither diverges nor converges as
shown in Fig. 3(a). The condition for this situation can be obtained from Eqg. (8) by assuming
that the radius of the curvature is very large. At a specific beam size, the diffraction of the
Gaussian beam and focusing power of the GRIN PC baance each other. As a result,
waveguides with constant beam width (no divergence) can be obtained. Figure 5(a) shows the

Received 15 December 2006; revised 23 January 2007; accepted 26 January 2007
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Fig. 6. (8)-6(c) Three different input beam widths (values are listed in Table 1) and the steady-
state field plot for the focusing cases at frequency below the band-gap (a/4 = 0.16 ) and (d-f)

above the band-gap (a/4 = 0.24 ).

beam profile at three different positions along the propagation axis. It can be seen that the
Gaussian profile of the beam remains unchanged as it travels through the GRIN PC.

In the above two examples, the operating frequency of the focusing case is above the
band-gap frequency and that of the collimated case is below the band-gap frequency. The
natural question that may arise is what happens if the frequency traces a broad range of values
from below to and above the band-gap of the PC. To investigate this situation, we need first to
evaluate the effective index of the PC in the propagation direction(I'K ) . The effective index

of the PC is calculated in two ways: ng = kc/@ (by PWM) and

2
02, = 2 + (1 f)n§+%[%ﬂf - f)(nf—n%)} , (14)

where f is the air filling factor, n, and n, are the refractive indices of the holes and

background, respectively, and ais the lattice constant [26, 27]. The values obtained from
these calculations are used when a comparison is made between FDTD and Gaussian optics.
We have examined the GRIN PC numerically by FDTD for arange of input beam widths
a two representative frequencies above and below the band-gap freguencies
(a/2=0.16,a/1 =0.24). Figure 6 shows the steady-state field variation as the input beam
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width w, changes (9.71a, 8.92a, and 7.93a) at a/4=0.16 . We can see that the beam
converges towards the focal point where the beam amplitude reaches the maximum value
w, =4.70a,4.96a, and5.48a. The amplitude variation along the x direction at the center of

the GRIN PC is displayed in Fig. 7(a). It can be seen that the maximum occurs at the same
point which isaround 45.5a . (The source islocated at 3a distance from the input of the GRIN
PC, so it has to be subtracted from the value 48.5a obtained from the graph) We conclude that

for the range of W, listed in Table I, the gradient coefficient« is the same. A larger input

beam focuses to a smaller spot-size, and the magnitude variations are consistent with Eq. (12).
Similarly, the same calculations are carried out for the frequency ata/A =0.24, and Fig. 6

shows the steady-state field variation (w, takes values 9.38a, 8.53a and 7.65a and w;, values

are 3.25a, 3.57a, and 4.05a). From Fig. 7(b), the focal point is extracted to be around40a.
[Again, the source is located at 3a distance from the input of the GRIN PC, so it has to be
subtracted from the value 43a obtained from Fig. 7(b)] Since the input beam with different
widths reaches maximum at the same point, we conclude that ¢ is constant as long aswy is
not too narrow and wide. The calculated values of ¢ from Figs. 7 ae 5.75x107* um?
(7/2a = 45.5a) and 6.54x107* um* (/20 = 40a ), respectively. As shown in Fig. 4, the EF
curves of alinear PC are expected to behave as a diverging medium for the input beam at
these two selected frequencies along TK direction (the circular and hexagonal contour shapes
are highlighted in the figure). However, the quadratic gradient medium overcomes the
diffraction of PC. As aresult, the input beams converge toward focal points.

The investigation of the beam profile across y cross-section at the focal and input planes
provides further insights. Figure 8 indicates the beam profiles at these two planes. The solid
and broken lines are for the beams at the input and focal planes, respectively. Table | lists the
FWHM values and the conversion spot-size ratios. As the input beam width decreases, the
output beam width increases and the spot-size conversion ratio approaches to 1:1, which is the
condition for the self-collimation. If the input beam width w;, decreases further, then the

beam diverges with conversion ratio smaller than one.
To compare the results obtained numericaly by FDTD with Gaussian optics, we
performed the following calculation. The gradient coefficient o is obtained with the values

of w, , W, and n, taken from Table | and Fig. 7 for two different frequencies using Eq. (11)

(8.64x10*um™ and 8.88x10~*pm™). Then, with fixed o values, we calculated the output
beam width with known input beam width. The calculated values are compared with the ones
obtained by FDTD in Table Il. The close agreement between the two methods can be seen
fromthe Tablell.

Numerically obtained gradient coefficients are smaller than these ones obtained
analytically. It is important to note that analytical formulation is carried out for the graded-
index slab structure. However, the numerical simulation is performed with a GRIN PC. Even
though the air hole refractive indices are modulated, there is another modulated refractive
index due to the perforated air holes. The diffractive nature of the PC itself may reduce the
power of the focusing. One other reason for the discrepancy is due to the effective index
approximation of the GRIN PC. Definitely, such an approximation for a wide range of
frequencies contributes to the mismatch. The differences between FDTD simulation (no
effective index approximation) and Gaussian optics formulation (with the effective index
approximation) a high frequencies are atributed mainly due to the effective index
approximation. At high frequencies, Eqg. (14) should be replaced by more accurate results
obtained from PWM. Despite these factors, the overall characteristics of the GRIN PC can be
understood with Gaussian optics and numerical results can be performed to validate the
conclusions.
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Fig. 7. (8). Beam amplitude plots of Figs. 5 (a)-5(c) along the middle section of the GRIN PC
and (b) for the Figs. 5 (d)-5(f). Solid, dashed and dotted lines correspond to different input
beam width in increasing order.

Table . FWHM of the beam profile at the input and focal planes for two different frequencies.

a/A=0.16 a/A=0.24
Input plane  Focal plane Conversion Input plane  Focal plane  Conversion
ratio ratio
9.71a 4.70a 2.06:1.0 9.38a 3.25a 2.90:1.0
8.92a 4.96a 1.80:1.0 8.53a 3.57a 2.40:1.0
7.93a 5.48a 145:1.0 7.65a 4.05a 1.90:1.0

Table Il. Comparison of spot-size width values obtained by FDTD and Gaussian optics for two different frequencies.

a/A=0.16 a/A=0.24
FDTD Gaussian Optics FDTD Gaussian Optics
4.96a 5.12a 3.57a 3.57a
5.48a 5.77a 4.05a 3.98a
#78130 - $15.00 USD Received 15 December 2006; revised 23 January 2007; accepted 26 January 2007
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Fig. 8. The beam profiles at the input and output (focal) planes at frequency below the band-
gap (a-c) and above the band-gap (e-f).
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Fig. 9. The steady-state field map for frequencies (&) inside band-gap and (b) at high
frequencies.
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Another question of interest is the cases where the frequency is inside the band-gap
(eg.,a/A=0.20) or well above the band-gap (e.g., a/4=0.30). The desirable feature of

focusing behavior is lost for the two cases as shown in Fig. 9. For the first, the frequency is
inside the band-gap; hence the focusing and propagation are hindered due to PBG effect [Fig.
9(a)]. In Fig. 9(b), on the other hand, the wavelength is aimost equal to the lattice constant a;
hence, the internal diffraction play arolein this case (a is comparable with 4/ng ). Also the

dispersion plot in Fig. 4 supports the observation such that the contour shapes become more
complex at higher frequencies. One should notice that operating frequencies at higher bands
are not desirable due to the inherit problem of out-of-plane scattering losses (being above the
light line).

Finally, to show that the beam can be guided by either self-collimation or oscillatory
behavior for a large propagation distance, Fig. 10 is plotted with FAVHM values of the input
beam taken as 5.5a and 7a, respectively. It illustrates the field propagation with GRIN PC. It
can be seen that the beam width stays constant for the self-collimated case [Fig. 10(8)], and it
oscillates for the second case [Fig. 10(b)]. The index gradient produces local modifications of
EF curves as shown previoudly in Fig. 4. Since the beam propagation is along T'K direction
and the dispersion curve is not flat along that direction so we can attribute the observation of
the self-collimation at a/A = 0.24 case again to graded index medium. Guiding the field for

large distances without diffraction is obvioudly great advantages and oscillatory nature of the
beam under appropriate conditions may find interest in the mode matching and
coupling/decoupling applications.
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Fig. 10. The steady-state field map for the (@) self-collimation ( a/4 =0.24 ) and (b) focusing
cases (a/A=0.16 ) for along propagation distances.

5. Discussion and conclusion

Below the band gap, graded index medium is responsible for the focusing and self-collimation
behaviors as expected. Above the band gap, dispersion effect is expected to play role for the
self-collimation. However, as can be seen Fig. 4, the contours are not flat in the propagation
direction. So index gradient is the leading mechanism for the self-collimation again. In the
band gap, bandgap effect is the leading mechanism. Light tends to bend toward high index
medium as it propagates in oscillatory fashion. The input beam width is an initial condition
such that it determines the light propagation behavior if it is converging or diverging one at
the beginning. However, there is a transition beam width in between the two situations
(diverging, converging) and the beam stays collimated if this condition is satisfied. The main
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reason to study different frequency cases is to underpin the light behavior through all
wavelength regimes. The frequency dependency of the focusing and self-collimations comes
from the underlying PC structure.

We briefly discuss the feasibility of the fabrication of such a structure operating at
1.55 um. In the above analysis, either the refractive indices of the air holes or radius are

assumed to be modulated. The difficulty of altering refractive indices of holes is obvious at
shorter wavelength regime. However, a similar affect can be obtained if the air radius are
modulated such that center section has the smallest hole radius, e.g., 0.10a in TK direction
and the radius is increased gradually up to 0.20a along IT'M direction with the increment steps
of 0.02a. Such afine spatial control may be difficult to fabricate even it is feasible. Instead of
PC withr = 0.20a one can have larger air holes such as 0.30a and then the incremental steps
can be larger for example 0.03a.

In conclusion, we explored for the first time GRIN PCs and investigated the characteristics
of it under different conditions. The initial conditions decide if the designed GRIN PC acts as
a converging, diverging, or even self-collimated device. Gaussian optics accounts very well
for frequencies up to a/4 = 0.30at which wavelength is almost equal to the lattice constant.

There is deviation from the above categorization for the frequencies which is inside the PBG.
The gradient coefficient is frequency dependent, and stays constant for a range of input beam
widths. The consistency between numerical result and analytical formulation was presented.
The observations obtained for the case study can be generalized for other parameters of
triangular-lattice PC. It is known that discrete optical elements to focus or self-collimate the
input beam should be integrated for compact optical devices. High level of integration is
possible with this approach because there is no need for the discrete alignment. Further optical
devices such as input and output couplers can be designed.

#78130 - $15.00 USD Received 15 December 2006; revised 23 January 2007; accepted 26 January 2007
(C) 2007 OSA 5 February 2007 / Vol. 15, No. 3/ OPTICS EXPRESS 1253



